A REMARK ON DYNAMICAL DEGREES OF 
AUTOMORPHISMS OF HYPERKAHLER MANIFOLDS 



KEIJI OGUISO 
To the memory of Professor Masayoshi Nagata 

Abstract. We describe all the dynamical degrees of automorphisms of hy- 
perkahler manifolds in terms of the first dynamical degree. We also present 
two explicit examples of different geometric flavours. 



1. Introduction 

A hyperkdhler manifold is a simply connected compact Kahler manifold X such 
that H'^{X,Q,^) ~ Ccrx, where ax is an everywhere non-degenerate holomorphic 
2-form on X . It is then of even dimension. 

The aim of this note is to point out the following simple, explicit behaviour of 
the dynamical degrees of automorphisms of hyperkahler manifolds (see Section 2 
for terminologies). 

1.1. Theorem. Let X be a hyperkdhler manifold of dimension 2n and g be a 
holomorphic automorphism of X . Let k be an integer such that < k < 2n and 
dk{g) be the k-th dynamical degree of g. Then 

d2n~k{g) = dk{g) = di{gf 

for < k < n. In particular, if g is of positive entropy, then 

1 = doig) < di{g) < ■ ■ ■ < dn~i{g) < dn{g) > dn+i{g) > ■ ■ ■ > d2n{g) = 1 , 

i.e., the function 

Z n [0, n] 9 /c dk{g) e M 
is strictly increasing. Moreover, the topological entropy h[g) of g is 

h{g) = nlog di{g) . 

This behaviour fits well with the assumption made in }DS09| Section 4.4. So, 
one can now apply the results there for automorphisms of hyperkahler manifolds. 

A Salem number is a real algebraic integer a such that a > 1, 1 /a is a Galois 
conjugate of a and all other Galois conjugates are of absolute value 1. Salem 
numbers play important roles in complex dynamics on K3 surfaces, rational surfaces 
( [Mc02] ■ |Mc07j ) and hyperkahler manifolds ( |Og07| and references therein). 

1.2. Corollary. The dynamical degrees of automorphisms of hyperkdhler mani- 
folds are Salem numbers or 1. 
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Dynamical degrees are natural, important invariants in complex dynamics of 
automorphisms, but there are very few examples in dimension > 3 for which explicit 
computations are made. 

The next aim of this note is to give a few explicit computaions of dynamical 
degrees of automorphisms of ^I"' (Examples 1, 2 in Section 4). Here and hereafter 
S'["l is the Hilbert scheme of 0-dimensional subschemes of length n on a K3 surface 
S. As it is well known, ^["l is a 2n-dimensional hyperkahler manifold ( |Fu83| for 
n = 2, [Be83) for any n > 2). 

Example 1 is elementary and everything is very concrete, but automorphisms 
under consideration are all induced from automorphisms of S. In Example 2, we 
construct automorphisms of positive entropy of some S^'^^ that are not induced from 
any automorphisms of any S' such that (S")'^' ~ S'^'. A similar construction in 
a more general context was also made by O'Grady [OGr05| . Section 4 (see espe- 
cially subsection 4.4). For our explicit computation of the dynamical degrees, the 
specification made in Lemma 4.5 is convenient. 

Theorem 11.11 and Examples 1, 2 will partially answer to the question of Professor 
Nessim Sibony to me (June 2008): 

1.3. Question. Besides automorphisms of complex tori or automorphisms of 
product type ( iDS09| Section 4--4), o,fe there any explicit examples of automorphisms 
f of higher dimensional manifolds M such that the dynamical degrees dk{f) (k G 
[0,dim M/2] nZJ are strictly increasing, i.e., mutually distinct? 

In the view of Corollary ll.21 the following question might be of interest: 

1.4. Question. Which Salem numbers are realizable as dynamical degrees of 
automorphisms of hyperkahler manifolds? In particular, is the Lehmer number, 
i.e., the smallest known Salem number 

ALchmor = 1.17628... 

realizable in this way? 

We note that the Lehmer number is realizable as the first dynamical degree of a 
rational surface automorphism [Mc07| . 

2. Dynamical degrees of automorphisms - a few known results 

In this section, we briefiy review some basic notions and some known properties of 
dynamical degrees. Our sources are |DS05| Section 2 and |Gu05j Section 1. [Zh08| 
Section 2 also provides a very good survey particularly for algebraic geometers. For 
more details or any history, see these papers and the references therein. 

Let M be a compact Kahler manifold of dimension m and / be a biholomorphic 
automorphism of M. Let k be an integer such that < fc < to. Then, the k-th 
dynamical degree dk{f) of / is defined by 

dkif) = lim,_oo( / if'rr^'^ A ,y"-'=)i/^ . 

Here 77 is a Kahler form on M. It is well known that dk{f) does not depend on the 
choice of 77. Moreover, 

dkif) = pif*\H''-HM,R)) = pif*\H^\M,R)) . 
2 



Here denotes the spectral radius of the hnear map *. Probably, the first 
important property of dfc(/) is the following symmetry: 

dkif) = d,n-k{r') . 

This follows from the Poincare duality. As a more interesting property, it is also 
known that the function 

[0,m] 3 log4(/) G K 

is always concave (see eg. |Gu05| Proposition 1.2, |DS05| Proposition 2.6). From 
these two properties and do(/) = 1, we have the following general behaviour of the 
dynamical degrees: 

2.1. Theorem. There are p,q & [0, m] n Z such that p < q and 

1 - doif) <■■■< dpif) = • • • = d,{f) >■■■> d,„(/) = 1 . 

The topological entropy h{f) of / is a real number that measures the complexity 
of orbit space 

X, fix), fix), fix),--- ,rix),--- . 
Original definition of hif) is purely topological f [Gr03| . Section 1), and the action on 
the cohomology ring never appears in the definition. However, for an automorphism 
/ of a compact Kahler manifold X, it turns out that 

hif) = log dpif) = max{log4(/) I fc e [0,m] n Z} , 

by the fundamental theorem due to Gromov and Yomdin. In this note, we only 
need this fact. Note then that hif) > 0, and hif) > if and only if diif) > 1 and 
that the function dkif) is constantly 1 when hif) = 0. 

So, our new Theorem 1 1 . 1 1 savs that only two extreme cases in Theorem \2.1\ can 
happen for automorphisms of hyperkdhler manifolds. That is, according to hig) = 
or hig) > 0, either p — and q = dim X or p ^ q ~ n ~ dim X/2. 

3. Proof of Theorem 11.11 and Corollary 11.21 

In this section, we shall prove Theorem 11.11 and Corollary 11.21 The proof is 
extremely simple. 

Let k e [0, n] n Z. Consider the natural map 

ruk : Syin''H^iX,R) — > H^''iX,R) . 

ruk is given by the multiplication of the cohomology ring R). In particular, 

ruk is compatible with the action of AwtX. Moreover, by a result of Verbitsky 
[\^96] (see also [Bo96) together with [Bo78] . |CY03| Part III, Proposition 24.1), the 
map ruk is infective for k in the range above. Thus dkig) > diig)^ , i.e., 

logdfe(g) > fclogdi(.g) . 

On the other hand, as fc i— > logd^ig) is a concave function with log do (g) = 0, we 
have that 

logdfc(g) < klogdiig) . 
Thus, \ogdkig) — klogdiig), ^-nd hence dkig) — diig)^ for each k G [0,7i] n Z. 

On the other hand, by [Og07| Section 2.2, the characteristic polynomial of 
g*\H'^iX, Z) has at most one Salem polynomial factor, i.e., the minimal polynomial 
of a Salem number over Z, and the other factors are all cyclotomic polynomials. 
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Thus, the set of eigenvalues of g and g ^ are the same. We should note that this is 
a very special property of an automorphism of hyperkahler manifolds. In particular, 

d^{g) = d,ig-') . 

Hence, 

d2n-k{g) = dk{g'^) = di[g-^f ^ di[gf . 
This completes the proof of Theorem 11.11 

Let us show Corollarv ll.2l The result is clear if h{g) — 0. Assume that h{g) > 0. 
Then, again by |Og07| Section 2.2, the characteristic polynomial of g*\H^{X,Z) 
has a Salem polynomial factor. Thus, di(g) is a Salem number. Let 7 be a Galois 
conjugate of di{g)^ . Then, 7 is of the form f}^ for some Galois conjugate (3 of ^1(5) 
and vice versa. This implies the result. 

3.1. Remark. Let X be a hyperkahler 4-fold which is deformation equivalent 
to the Hilbert scheme of a K3 surface, say, S'l^l. Then 62 (^) = h2{S^'^^) = 23 and 
bi{X) = 64(S'[^1) = 276. (This is well known and is indeed easy to see from the 
explicit description of S'^^l.) Thus, the injective map m2 is actually an isomorphism 
for dimension reason and we have that H'^{X,W} = Sym^_ff^(X, R). Thus, if g G 
AntX is of positive entropy, then the dynamical degree dk{g) is an eigenvalue of 
g*\H'^'^{X,'R) of multiplicity one for each k. It would be interesting to see to what 
extent this multiplicity one property of dynamical degrees holds for automorphisms 
of hyperkahler manifolds of positive entropy. 

3.2. Remark. Recall that the Hilbert scheme F{V) of lines on a smooth cubic 
4- fold V is deformation equivalent to S'^' |BD85| . In [AmOTj . Amerik computed 
the dynamical degrees of a natural, very interesting self rational map of degree 16 
on F{V). They are 

do = 1 , di = 7 , da = 31 , da = 28 , d4 = 16 . 

It is remarkable that the behaviour is quite different from the case of automorphisms 
in Theorem ll.il This difference is pointed out to us by Professor Frederic Campana. 

4. A FEW EXPLICIT EXAMPLES 

Let S* be a K3 surface and S*!"' be the Hilbert scheme of n > 2 points on S. 
In this section, we shall compute the dynamical degrees of some automorphisms of 
5'["1 in two specific situations (Examples 1, 2). 

4.1. Lemma. Let g be an automorphism of S and g^ be the automorphism of 
5'["1 induced from g. Then di(.g„) = di(g), and d2„_fc(g„) = dfc(g„) = di{g)^ for 
k G [0, n] n Z. In particular, h{gn) — n\og di{g). 

Proof. Let E be the exceptional divisor of the Hilbert-Chow morphism 

— , 5'(«) = S'^/Y.,, . 

Then, by [Be83] (see also [CY03] Part HI, Section 23), H'^{S^"\Z) carries a natural 
integral- valued symmetric bilinear form, called the Beauville-Bogomolov-Fujiki's 
form. Via the natural isomorphism Il'^{S,'Z) ~ .//^(S*", Z)^" , we can embed 
H^{S, Z) into i?2(5'N^ [Be83] shows that this embedding gives a natural Hodge 
isometry 

ij2(5["l,Z) ~ i7^(S', Z)©Z[e]. 
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Here e E/2 G i7^(S'["l,Z) and (e^) = -2n + 2. Since g„ is induced from g, 
under the isonietry above, we have that (7*(e) = e, 5* (i/^(S', Z)) = H'^{S,1) and 
gl\H'^{S,Z) = 5*|i?2(5',Z). Thus, «ii(.g„) «ii(.g). This together with TheoremO 
imphes the result. □ 

Example 1. Let E be an eUiptic curve. Put A = E E. Let S = Km [A) be the 
Kummer K3 surface associated with A^ i.e., the minimal resolution of the quotient 
surface A/{—\). Let 

a h 



M:= ( ^ ^ ) e SL(2,Z) 



c 



Then M defines an automorphism Jm of ^4 by 

A 3 (x, 1-^ {ax + 6?;, ex + dy) £ A . 

Since /m commutes with the inversion —1 oi A, it descends to an automorphism 
gM of S, and therefore, induces an automorphism gM,n on 5'"). Recall that 

H\S,Q)^H^A,Q)®®l^Me^], 

where (1 < i < 16) are the exceptional divisors of S — > A/{—l). This iso- 
morphism is compatible with the actions of and gM- In particular, the sub- 
spaces ®i£iQ[ei] is stable under the action. Moreover, the cup product is negative 
definite on ®-£iQ[ei]. Thus, di{gM) = rfi(/M)- Hence di{gM,n) = rfi(/M) and 
KgM.n) = nlogdi(/M) by Lemma |1?T1 

4.2. Lemma. Let t = a + d, 



2 ' ' 2 
a and (3 are the eigenvalues of the matrix M counted with multiplicities. Then 

rfi(/Af)-lif |i|<2, 

di(/M) = > 1 if 2, 

rfi(./Af) = /3'>lif i<-2. 

Proof. di(/A/) is the spectral radius of f^lH'^'^iAjM.). Since A is a 2-dimensional 
complex torus, we have the following natural isomorphism: 



H^'\A, E) C = H^'\A, C) ~ H°{A, n\) ® H"{A, n\) . 

Thus, the eigenvalues of flj\H^'^{A,R) are aa, aP, /3a, /3/3, counted with multi- 
plicities. This implies the result. □ 

Hence, according to \t\ < 2, t > 2, t < —2, we have 

dk{9ALn) = 1 (Vfc e [0,2n]nZ) , 



d2n-fc(gAf,n) = dk{gM,n) - ^ -f" (Vfc G [0, n] H Z) . 

For the entropy, h{g]\i^n) = in the first case, and h{g]\j^n) > in the last two 
cases. 

Example 2. In this example, we present automorphisms of positive entropy of some 
Sl^] that are not induced from automorphisms of any S' such that (S")^^l ~ S*'^'. 
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Note that there is a pair of K3 surfaces X, Y such that X 9^ F but X^l ~ fI^I 
([WT] Example 7.2). 

Recall the natural identification (made in the proof of Lemma |47T|) 

Under this identification, we have 

NS{S^^^) = NS{S)®1[e]. 
The involution l in the next Lemma is constructed by Beauville [Be82j : 

4.3. Lemma. Let 5* C P'^ be a quartic K3 surface. Then the line P1P2 joining 
two general points Pi,P2 of S meets S in two other points, say, P3, P4. The 
correspondence {Pi,P2} i~> {P3,Pi} defines the hirational involution 

For this involution, one has: 

(1) L is a hiholomorphic involution if and only if S contains no line. 

(2) Under the assumption (1), l* H ~ 3H — 4e and i*e = 2H — 3e. Here H is 
the element of NS{S^'^^) corresponding to the hyperplane class of S . 

(3) Under the assumption (1), H'^{S^'^\Zf = Z{H ~ e). 

Proof. (1) is proved by IBe82^ Proposition 11. When NS{S) = ZH , i.e., the generic 
case, (2) is proved by pITOl] Subsection 5.2. For arbitrary S with no line, we shall 
prove by reducing to the generic case via deformation. 

Let us consider a general 1-dimensional small deformation of 5* inside P^: 

P^xAd^ — > /\,Sq^S. 

Let H be the relative hyperplane class of S over A. Then NS{St) = Z{Ti.t) for 
generic i e A. Put 

A2 = {s e A I rank NS{Ss) > 2} . 
This set A2 is topologically dense in A but it consists of at most countably many 
points ( |Og03| Theorem 1.1). As R is an uncountable set, for generic c G M, the 
real analytic line 

7c = {z e A I Im z = c • Re z} C A 

then satisfies 

e 7c and 7c n (A2 \ {0}) = . 
By construction, NS{St) ~ Z{Ht) for i G 7c \ {0}. By taking the relative Hilbert 
scheme over A and then restricting it to 7c, we have an analytic family 

f-.M—^jc 

[21 

such that Mt ~ for all t ^ jc- Let £ be the exceptional divisor of the relative 
Hilbert-Chow morphism over 7c. Then, NS{Mt) = Z{Ht,et) for all t e 7c\{0} and 
7VS'(S'[2l) D Z{H, e) for t = 0. Here e* = £t/2, H = Ho and e = cq. In particular, 
Z{TLt, Gt) [t e 7c) forms a constant subsystem A of the constant system f^ZM- 

As St [t S 7c) contains no P^, the involution l extends to a (not only birational 
but also) hiholomorphic involution / of over 7c such that /q = l. Under the 
natural action of / on J^J^m, the constant subsystem A is stable. This is because 
the assertion (2) is true for Mt {t £ \ {0}) by |HT01| Subsection 5.2. Hence, by 
specializing the result to t = 0, we have the assertion (2) also for our S^^^ . 
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Let us show the assertion (3). Let Z e S"!^! be a general fixed point of l. Then 
Z = P + Q, where P ^ Q are the tangent points of a double tangent line ^ of a 
general hyperplane HOS oi S (canonical curve of genus 3). Let {xp,yp) be a local 
coordinate of P in S* such that xp is the local coordinate of iJ n at P and yp is 
the local coordinate of the one parameter small deformation of the double tangent 
points at P. We take a local coordinate {xq, yg) of Q in similarly. Consider the 
local holomorphic 2-form 

a = dxp A dyp + dxq A dyq 

on S X S at (P, Q). This is a non-zero multiple of pjcrs +P2'^s at (P, Q), possibly 
after rescaUing of {xQ,yQ). Here pi : S x S — > S is the projection to the i-th 
factor. Thus a descends to the local holomorphic 2-form, say a, of S'^^' at P -I- Q. 
By definition of l, we have L*a ~ —a. On the other hand, the global holomorphic 
2-form pJcts ^v^os descends to the global holomorphic 2-form ag{i\ on . Hence 

a.t P + Q, whence, on S^'^^ as well. The same is clearly true for the involution It on 
Mt {t e 7c). Thus 

It^^Mt = -CTA^t and i;\T{Mt) = -1 . 
Here T(A4t) is the transcendental lattice of Mt, i.e., the minimal primitive sub- 
module of H^{M.t, such that cfMt ^ T{M.t)c- The second equality follows from 
the first one via the minimality of T{Ait)- On the other hand, 

for aU i e 7c \ {0}, by NS{Mt) ^ Z(Ht, et) and by the explicit form of /; \NS{Mt) 
in (2). As NS{Mt) © T{Mt) is of finite index submodule of H'^{Mt,I'), we have 
then that 

for all t S 7c \ {0}. As / acts on the constant system P^/^Z^vi, by specializing to 
< = 0, we have 

as well. This implies the assertion (3). □ 
4.4. Lemma. Let N — Z(/ii,/i2) be a lattice whose bilinear form is 

Then, there are a projective K3 surface S and an isometry tp : N :^ N S{S) such 
that both Hi := (p{hi) (i = 1, 2) are very ample on S. This S contains no P^. 

Proof. By the explicit form, N is an even lattice of signature (1,1). Thus, by [Mo84| 
Corollary 2.9, there is a projective K3 surface S such that N ~ NS{S), say by ip. 
Let A{S) C NS{S)r be the ample cone of S. Again by the explicit form, the lattice 
N represents neither nor —2. Thus, S has no P^, and therefore, ^4(5") coincides 
with the positive cone, i.e., one of the two connected components of 

{x e NS{S) I (x^) > 0} . 

Thus, by replacing ip by —ip if necessary, both Hi and H2 are ample on S. They 
are also very ample. In fact, as NS{S) represents neither —2 nor 0, it follows that 
S contains neither P^ nor elliptic pencil, and we can apply [SD74| Theorem 5.2. □ 
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From now on, let S be a K3 surface in Lemma \4-.4\ Corresponding to the com- 
plete linear systems \Hi\, \H2\, we can embed S into P'^ in two different ways: 

: 5 ~ 5i C P^ : S* ~ 52 C P^ 

The surfaces Si and 5*2 are quartic surfaces in P"^ with no line. Thus, by applying 
Lemma 14.31 to Si and S2 respectively, we have two biholomorphic involutions ti 
and 12 on S'l^l We also note that NSiS^"^^) = Z{Hi,H2,e). 

4.5. Liemma. Under the basis {Hi,e, H2) ofNS{S^^^, the involutions il\NS{S^^^) 
and L2\NS{S^'^^) are represented by the following matrices: 





Ml := (-4-3-81, M2 

Proof. By Lemma l473l we see that 

lI{Hi) = 3iJ-4e, Ll{e) = 2Hi - 3e . 

Let us determine lI{H2). As NS{S^^^ = Z(i7i, e, iJa), one can write 

LIH2 = aHi +be + CH2 . 
Since t* is an isometry, we have 

{{aHi+be + cH2)^) = (i^l) =4, 
{3Hi - 4e, aHi + be + CH2) = {Hi,H2) = 8 , 
{2Hi - 3e, aHi + be + CH2) = (e, H2) ^ Q . 
From these three equalities, we obtain that 

(a,6,c) = (8, -8,-1) or (4, -8,1). 

Let us exclude the second case (4, —8, 1). If this happens, then 

i*(i/2)+i?2 = 4i/i-8e + 2ff2. 

On the other hand, the class l\{H2) + H2 is invariant under ti, a contradiction to 
Lemma lU (3). Thus, 

ilH2 = 8H1 - 8e - i72 • 
Hence the matrix representation of lI\NS{S^^^) is Mi as claimed. Changing the 
roles of Hi and H2, we see that the matrix representation of L2\NS{S^'^^) is M2 as 
well. □ 

4.6. Lemma. Let I e [l,oo) n Z and gi ~ (t2'-i)^ G AutS*!^'. Then, gi is 
not induced from any AutS". Here S' is any K3 surface such that (S")[^l ~ S'l^l. 
Moreover, we have: 

diigi) = d^igi) = (17+12V2)^ ^2(5^) = (17+12\/2)2^ 

Proof. By Lemma HTSl the matrix representation of {l2Li)*\NS{S^'^^ is 

45 10 16 
M1M2 = I -36 -7 -12 

-8 -2 -3 



under the basis (-ffi, e, H2) of iVS'(S'[^l). By straightforward calculation, we see that 
the characteristic polynomial of M1M2 is 

^{x- l){x - (17 + 12V2))(x - (17 - 12%/2)) . 

This together with Theorem 11.11 implies the assertion of dynamical degrees. Here 
we used the fact that 

This equality follows from the fact that the Beauville-Bogolomov-Fujiki's form on 
the orthogonal complement of NS{S)^ in H^-'^{S^'^\R.) is negative definite. 

Let us show that gi is not induced from any automorphism of S' . Suppose 
that gi is induced from some automorphism of 5". Then, g|(e') = e'. Here E' 
is the exceptional divisor of the Hilbert-Chow morphism (5')I^1 — > {S')^"^^ and 
e' ~ E' 12. On the other hand, by the explicit form of M1M2 above, the eigen vector 
in 7V5(5[2l) corresponding to the eigenvalue 1 is k{Hi - 6e + H2) (fc e Z \ {0}). 
Thus e' = k{Hi — 6e + H2) for some k £ I^. However, this is impossible, as 

((e')^) = -2 but {{Hi - 6e + i/a)^) = -48 . 

□ 
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